ABSTRACT Two main problems that arise in the context of hydrodynamic bead modeling are an inaccurate treatment of bead overlaps and the necessity of using volume corrections when calculating intrinsic viscosity. We present a formalism based on the generalized Rotne-Prager-Yamakawa approximation that successfully addresses both of these issues. The generalized Rotne-Prager-Yamakawa method is shown to be highly effective for the calculation of transport properties of rigid biomolecules represented as assemblies of spherical beads of different sizes, both overlapping and nonoverlapping. We test the method on simple molecular shapes as well as real protein structures and compare its performance with other computational approaches.
INTRODUCTION
Precise calculation of hydrodynamic properties of macromolecules is crucial for the correct interpretation of the results of experimental studies of solution structure and dynamics of biopolymers, such as fluorescence correlation spectroscopy, ultracentrifugation, or dynamic light scattering. There is extensive literature discussing various techniques used in hydrodynamic modeling (1) (2) (3) (4) (5) (6) (7) (8) . Early approaches to this problem were based on the approximation of the macromolecule by a simple shape such as a sphere or ellipsoid (9) (10) (11) (12) , the hydrodynamic properties of which can be calculated analytically. However, many biomolecules have irregular shapes that cannot be represented by simple geometric forms, which necessitates the use of more sophisticated numerical methods.
Several approaches to this problem have emerged over the years. The most popular of these are bead modeling (13) (14) (15) , direct calculation using boundary element method (16, 17) , and path integral techniques (18) (19) (20) . For the recent detailed reviews and discussions of hydrodynamic modeling, the reader is referred to the work of Rocco and Byron (21) as well as the book (8) , with separate chapters on HYDRO (22) , BEST (23) , and UltraScan Solution Modeler (US-SOMO) (24) program suites as well as an introductory chapter by Byron (25) .
Briefly, in boundary element methods, one represents the flow field in terms of boundary distributions of fundamental solutions of a given differential equation. The densities of the distributions are then computed to satisfy the respective boundary conditions on the surface of the macromolecule. In the context of Stokes equations, the boundary element method has been utilized since 1978, when Youngren and Acrivos used it to study the problem of a Stokes flow in the presence of a solid particle (26) . In recent years, it has become increasingly popular (27) because the vast increase of computing power has allowed for the calculation of hydrodynamic properties of even relatively large macromolecules. In this respect, the BEST method by Aragon (7, 17) has emerged as a dominant performer.
On the other hand, the ZENO algorithm uses path integral techniques to calculate some of the scalar hydrodynamic properties of complex particles (18) (19) (20) , by exploiting analogies between hydrodynamics and electrostatics. The macromolecule is enclosed within a sphere, from the surface of which a large number of random walks are launched toward the surface of the molecule. Based on the fraction of the walks that reaches the surface, the values of friction coefficient and intrinsic viscosity can be estimated to within 2-5% accuracy. The main advantage of this method is its large speed and relatively low computational complexity.
Finally, in bead modeling (13) (14) (15) , which is the focus of our study, the shape of a macromolecule is approximated by a number of small spheres either filling the volume of a molecule or covering its surface. The hydrodynamic properties of such a conglomerate are then calculated by a method originating from Kirkewood and Riseman: by applying forces to individual beads and then calculating the flow field around them based on the known solutions for the flow around the sphere. This approach has been successfully used over the years to calculate the hydrodynamic characteristics of macromolecules, particularly thanks to the effort of de la Torre and colleagues, who have created the HYDRO suite of programs (28, 29) . Bead modeling, although elegant and successful in a broad range of applications, is not without its problems. The most significant of these is that the Kirkwood-Riseman formalism fails whenever some of the beads are significantly larger than the others (30) and in particular gives a vanishing viscosity for a single sphere. This necessitated the introduction of a number of semiempirical, shape-dependent correction factors (29) . Another deficiency of the existing bead models is that they run into problems whenever the beads overlap, particularly if they are different in size (31, 32) . In such cases, a phenomenological Zipper-Durchschlag formula for the translational diffusivity is usually used (33) , which, however, lacks continuity and does not have the proper limiting behavior, as one bead becomes fully immersed inside the other (34) . Alternatively, the overlaps are removed, e.g., by resizing the spheres (32) , which, however, affects the accuracy of bead covering.
Recently, we have devised a self-consistent scheme of deriving hydrodynamic matrices that addresses all of the above issues (34) (35) (36) . The scheme generalizes the well-established Rotne-Prager-Yamakawa approximation, which incorporates all the long-ranged, nonintegrable terms in the expansion in the inverse distance between the beads, corresponding to (a/r) a , a % 3, where a is the bead radius. In contrast to previous approaches, our method relies on the direct integration of force densities over the sphere surfaces. This turns out to provide the correct limiting behavior of the mobilities for the touching spheres and for a complete overlap with one sphere immersed in the other one. Additionally, the inclusion of dipolar components of the hydrodynamic interaction tensors allows for a direct calculation of the intrinsic viscosity without the need of introducing correcting factors. As a result, we obtain an effective and versatile tool, capable of handling a large variety of different bead models both for nonoverlapping and overlapping beads. The latter are particularly attractive, as they allow for a faithful representation of a macromolecular shape using a significantly smaller number of beads than the nonoverlapping models.
The work is organized as follows. First, we briefly review the theoretical foundations of the generalized Rotne-PragerYamakawa (GRPY) method. Next, we show how to calculate hydrodynamic properties within this formalism. Then, the method is applied to simple geometric shapes as well as a number of real protein structures. Finally, we give a short description of the numerical implementation of the method. An open-source FORTRAN code calculating hydrodynamic properties of biomolecules is distributed as Supporting Material to the manuscript. The code can take as an input a bead covering produced by other algorithms, but it also provides its own covering of overlapping beads based on the PDB file of the protein.
METHODS

Hydrodynamic interactions
We represent the macromolecule as a collection of N rigidly connected beads of different radii a i , which can potentially overlap. Due to the small size of the biomolecules, the fluid flow around them is in the low Reynolds number regime and can be described by the stationary Stokes equations
where h s is the viscosity of the solvent. The linearity of the Stokes equations implies a linear relation between the force and velocity moments
Here,F ¼ ðF 1 ; F 2 ; .; F N Þ is the 3N dimensional vectors of forces that the beads exert on the fluid and analogously for the torquesT. The translational and rotational velocities of the particles (Ũ andŨ) are written in the same manner. Next,ṽ N ¼ ðv N ðR 1 Þ; .; v N ðR N ÞÞ are the values of external flow velocity calculated at the centers of the particles, R i . Similarly,ũ N gives the vector of vorticities at the centers of the particles,
.; E N ðR N ÞÞ is the vector of strain rates, with
The vector E N is 5N-dimensional because of the symmetric character of strain tensors. The last element,S ¼ ðS 1 ; .; S N Þ is the vector of particle stresses, again 5N-dimensional. The superscripts t, r, and d in Eq. 3 denote translational, rotational, and dipolar components of the grand friction matrix z. A partial inversion of Eq. 3 defines the grand mobility matrix m,
where R 0 is the reference point with respect to which the translation and rotation are defined. As discussed in detail in the Appendix, this allows us to find the relation between z c and the N-body grand friction matrix z N of the form
where T N is the operator linking bead velocities with those of the macromolecule. This operator is given by Eq. A3. The construction of hydrodynamic matrices proceeds now as follows. First, we find the N-body friction matrix z N . Subsequently, the friction matrix of a macromolecule is obtained by projection given by Eq. 6. Finally, z c is partially inverted to yield the rigid-body grand mobility matrix m c . The translational and rotational components of the mobility matrix of conglomerate are linked with the respective diffusion matrices via Einstein-Smoluchowski relations. This defines the translational diffusion matrix
as well as its rotational counterpart
The projection operator T N (R 0 ) in Eq. 6 involves an arbitrary reference point R 0 . A natural question that can be raised in this context is whether the choice of R 0 has an effect on the elements of the rigid body matrices z c and m c . As it turns out, the answer is different for different components of these matrices. Translational and rotational components of the grand mobility matrix have been analyzed in Kim and Karrila (37) and it has been shown that m 
Generalized Rotne-Prager-Yamakawa approximation
In this section, we summarize the GRPY approach for the calculation of hydrodynamic matrices. The key role in this approximation is played by another hydrodynamic tensor-a full inverse of the grand friction matrix, m ¼ z
À1
, introduced by (38) . This tensor links force and velocity multipoles:
The next step is to analyze the relation between the velocities of particles moving in a Stokes flow and induced force density localized on particle surfaces:
Here, r i ¼ r À R i , with R i denoting the position of particle i. Next, Àf j (r 0 ) is the density of the forces exerted by the particle j on the fluid. Finally, T 0 is the Oseen tensor
which is the Green function for the Stokes problem for unbounded space. The key idea behind the GRPY approximation is to describe the force density in terms of its three multipoles only:
where w p j are operators associated with different multipoles (p ¼ t,r,d)
In the above, ½ε,b r ab ¼ ε abg ½b r j g and I is the fourth-rank isotropic tensor, traceless and symmetric in its first and last index pairs:
Next, the velocity field in the left hand side of Eq. 10 is approximated by a linear flow. The multipoles characterizing this flow (velocity, 
where we have used Eq. 9 together with Eq. 12. In the above, T stands for the transpose. The explicit formulas for the elements of the inverse friction matrix, calculated based on Eq. 15, can be found in (36) . Importantly, the integrals in Eq. 15 can be calculated both for overlapping and nonoverlapping beads, which-as shown in (34-36)-leads to the self-consistent description of hydrodynamic properties of the system over the entire range of interparticle distances. In particular, this approximation exhibits a correct limiting behavior at a complete overlap, with one sphere fully immersed in the other-the mobility of such a system reduces to that of an external sphere. The GRPY approximation of the inverse friction matrix outlined above can be seen as a generalization and extension of the Stokesian dynamics method developed by Durlofsky, Brady, and Bossis (38, 39) . Their focus was, however, on the suspension of freely moving, nonoverlapping particles, whereas this formalism is aimed at the calculation of hydrodynamic matrices for rigidly connected beads, both overlapping and nonoverlapping. On the other hand, a similar construction of the hydrodynamic matrices for rigid macromolecules has been carried out by Goldstein (40) , with two important differences: 1) he considered rotational and translational degrees of freedom only, and 2) in the case of overlapping spheres, he derived the hydrodynamic matrices for the case of equal sphere radii only.
RESULTS AND DISCUSSION
Translational and rotational diffusion
Translational diffusion provides information on the relaxation of particle positions caused by the Brownian motion. To assess it, we mark the point on the molecule, R 0 , and follow its mean-square displacement in the laboratory frame, hðRðtÞ À 
where D , corresponding to rotational diffusion coefficients around the main axes of rotation (41) . The explicit expression for the mean-square displacement valid over the entire time range is given in Appendix B. The presence of rotational timescales in MSD confirms that the nonlinearities in this dependence are indeed due to rotational-translational couplings. Using Eq. 18, we can formalize the criterion for the short-and long-time diffusion regimes as t ( min t i and t [ max t i , respectively. For a typical biomacromolecule, the rotational relaxation timescales, t, are on the order of a microsecond. Thus, most of the measurements of the diffusion in biomolecules (e.g., through dynamic light scattering or fluorescence correlation spectroscopy) captures the long-time diffusion coefficient D t l . The short-time translational diffusion coefficient is linked to the trace of the translational diffusion tensor calculated at R 0 ,
which makes it dependent on the choice of the reference point. In the above, D t (R 0 ) stands for the translational diffusion matrix of a conglomerate, Eq. 7, obtained from the N-body mobility matrix by the projection operation (Eq. A2) with R 0 as the reference point.
The long-time diffusion coefficient, on the other hand, is independent of the choice of a reference point and is given by
where R mc is the so-called mobility center-a point at which the translational-rotational mobility matrix, m tr , is symmetric. The unique property of the mobility center is that the mean square displacement of this point is linear over the entire time range:
Another way of assessing D t l is through centrifugation or sedimentation of the macromolecules. The sedimentation coefficient s ¼ v t /g is a ratio of particle terminal sedimentation velocity to its acceleration due to centrifugation or gravity:
where M is the molecular mass, N A is Avogadro number, v is the specific volume of the macromolecule, and r the density of the solvent.
Intrinsic viscosity
Another important tool for probing macromolecular conformations is the viscosity measurement. Suspended particles increase the viscous dissipation in the bulk flow due to the stresses acting on their surfaces. Intrinsic viscosity, [h] , is defined by means of the following relationship for the viscosity of a dilute suspension:
In the above, viscosity is decomposed into the contribution from the solvent alone, h s , and the contribution from the particles proportional to their mass concentration, c. In theoretical hydrodynamics, intrinsic viscosity is sometimes defined by the expansion in the volume fraction (i.e., fraction of volume occupied by the particles) instead of mass concentration. This leads to dimensionless intrinsic viscosity, which can be obtained by
In the above, v is the specific volume of the macromolecule given by v ¼ N A V=M, where V is the volume of the molecule.
Viscosity is in general frequency-dependent, as epitomized by the experiments with a Couette viscometer under oscillatory flow conditions in which one observes that h increases as the frequency of the oscillations decrease. This effect is a manifestation of a Brownian contribution to the viscosity related to the relaxation of particle orientations due to Brownian motion. Accordingly, viscosity can be cast as a sum of the high frequency term ½h N and the Brownian ½h B u contribution (42, 43) :
The Brownian contribution can be written as the sum of five modes,
which are given explicitly in Appendix B. Note that this contribution has a nonzero imaginary part, which reflects a phase shift between the stress and strain rate. The frequencies f j are again related to the relaxation times of the Brownian rotational motion (see Eq. C1). The high-frequency regime can then be associated with u [ max f j , whereas the lowfrequency regime corresponds to u ( min f j . At large frequencies, the Brownian contribution vanishes, and intrinsic viscosity approaches its high-frequency asymptote
which is directly linked to the dipolar component of the mobility matrix averaged over all orientations of the macromolecule. On the other hand, the zero-frequency limit can be obtained by adding ½h B u¼0 to the above term:
It is the latter, zero-frequency viscosity that is relevant experimentally, because the experimental time scales are typically much longer than the relaxation times of the Brownian rotational motion.
As already mentioned, the dipolar components of the mobility matrix do not depend on the choice of the reference point. However, in some of the alternative approaches to the calculation of intrinsic viscosity, one finds that the result is origin sensitive (1, 14) , and it is proposed that R 0 needs to be chosen in such a way as to guarantee the minimal energy dissipation (the so-called ''viscosity center,'' R h ). A possible reason for this discrepancy is that the macromolecular viscosity in these studies is expressed not in terms of m dd c , as in Eq. 27, but rather through the friction tensor z dd c :
the elements of which depend on the choice of origin. Strikingly, if the friction tensor in Eq. 29 is calculated in the viscosity center, one finds that [h]
The two sides become indistinguishable in case of the molecules of high symmetry, for which the translational-dipolar coupling becomes negligible. A relevant example here is that of a dumbbell, which consists of two rigidly connected beads. If their sizes are equal, then both the mobility and viscosity center coincide with the geometric center of the dumbbell. In this case, z for a dumbbell comprised of two beads of different radii, a 1 and a 2 . Two different cases are considered: a dumbbell with the beads touching (l ¼ a 1 þ a 2 ), and the one in which l ¼ 2a 1 . As observed, the difference between [h] 0 and [h] z remains relatively small, on the order of 0.1%. The difference disappears either when the dumbbell becomes a single sphere (a 2 / 0) or when the two beads are of an equal size.
Next, we analyze the dependence of intrinsic viscosity on the distance between the beads. This time, we take a symmetric rigid dumbbell with two beads of radius a separated by a distance l. The data presented in Fig. 2 shows both high-and low-frequency viscosity calculated using the GRPY approach together with the results of HYDROþþ calculations.
These results are compared with the results of the virtually exact multipole expansion method (44) (45) (46) (47) , which generalizes Eqs. 9 and 10 to include a larger number of force and velocity multipoles, N mult . The multipole method employs the multiple scattering expansion, which involves summing up the infinite number of reflections of the Stokes flow between all of the particles. The flows calculated in this way include the higher-order singular and regular solutions of the Stokes equation that are generated during successive reflections. In this framework, the RPY approximation corresponds to a single scattering only and thus involves pairs of particles and never larger groups. In practice, the multipole method converges quickly to the analytical solution of Stokes equations. For example, for a rigid dumbbell FIGURE 1 Relative difference between the viscosity calculated using Eqs. 28 and 29 for an asymmetric dumbbell with beads of size a 1 and a 2 < a 1 and the distance between their centers l. Orange points correspond to the dumbbell with the touching beads, whereas blue points correspond to the situation in which l ¼ 2a 1 . To see this figure in color, go online.
consisting of equal, touching spheres, intrinsic viscosity can be calculated analytically (11, 48) to yield ½h N ¼ 3:4496, whereas at l ¼ 7.5244a, the viscosity increases to ½h N ¼ 14:756. The corresponding results calculated using multipole expansion with 360 multipole components (which corresponds to L ¼ 10 in the notation of Cichocki et al. (46)) per particle give 3.4494 at touching and 14.756 for l ¼ 7.5244a; hence, the relative accuracy is better than 10 À4 . However, because of its computational complexity, the multipole method is not suitable for calculating the hydrodynamic properties of real biomolecules.
Referring to Fig. 2 , we note the differences between the traditional bead methods (represented by HYDRO) and GRPY. The reason is that HYDRO uses a simplified approach to calculate viscosity, which does not involve the dipolar components of either a friction or mobility matrix. Instead, an idea originating from Kirkwood and Riseman is used, with viscosity calculated as (49):
where the shear flow of the form v N ¼ _ gye x is assumed, and the angular brackets denote the average over all possible orientations of the macromolecule with respect to the flow. Next, F i are the forces exerted by the fluid on the beads related to their velocities by the formula analogous to Eq. 4,Ũ
but without taking into account either rotational or dipolar terms. The velocities of the beads are then calculated based on Eq. A2, and relation 31 is inverted to yield F i with the reference point chosen at the viscosity center. Unfortunately, the lack of dipolar terms in Eq. 31 results in somewhat erratic behavior when the number of beads is small or if some of the beads are significantly larger than the others (30) . In particular, it gives a vanishing intrinsic viscosity for a single bead instead of ½h ¼ 5=2v, as derived by Einstein. This deficiency can be partially fixed by the introduction of an ad hoc volume correction in which a term equal to 5 2 V M N A is added to the viscosity, with V standing for the total volume of the beads. Later on, it was noticed that such an approach significantly overestimates viscosity and an extra multiplying factor needed to be introduced (29) . Earlier versions of HYDRO code run into similar problems while calculating rotational diffusivity of the macromolecules, because-as pointed put by Goldstein (40)-they did not include rotational degrees of freedom in the mobility matrix. However, this was later corrected in (29) , and the rotational degrees of freedom have been introduced in the 3RD procedure of HYDROþþ, which eliminated the need for volume correction for rotation.
Coming back to the results of Fig. 2 , we observe that the original Kirkwood-Riseman method (Eq. 30) underestimates the intrinsic viscosity of the dumbbell; however, it correctly captures the asymptotic slope of the ½hðl=aÞ dependence.
The volume corrections introduced in the 1994 version of the HYDRO package bring the values of the viscosity closer to the correct asymptote, but as the separation between the beads decreases, the agreement gets progressively worse. Further multiplicative factors introduced in HYDROþþ improve the agreement at intermediate distances at the cost of somewhat worse performance at a larger l. Strikingly, both HYDRO and HYDROþþ fail to capture the h(l) dependence for overlapping beads. The Kirkwood-Riseman approaches in this regime lead to divergent results, whereas GRPY exhibits correct limiting behaviors at a complete overlap of the spheres, as discussed in (36) .
An additional advantage of the GRPY scheme is that it allows for the separation of the Brownian and non-Brownian contributions to low-frequency intrinsic viscosity as given by Eq. 28, which is not possible in the Kirkwood-Riseman approach. In general, the more the shape of the molecule deviates from a spherical one, the more important the Brownian contribution becomes. For example, for a rod comprised of 10 touching beads, the Brownian contribution is responsible for 50% of the total.
Kirkwood-Riseman approaches improve their performance for systems comprising a larger number of beads, FIGURE 2 Dimensionless intrinsic viscosity, ½h, of the rigid dumbbell as a function of the bead separation normalized by the radius, l/a. The vertical lines denote points at which the beads touch (l ¼ 2a) and when the center of one bead becomes immersed in the second one (l ¼ a). The data points show high-and low-frequency viscosity calculated using the GRPY approach (orange and blue points, respectively) as well as the results of the Kirkwood-Riseman-based approaches: original Kirkwood-Riseman method (Eq. 31; (14,49)), HYDRO package with volume correction to viscosity (28) , and HYDROþþ code (29) . Additionally, we show the results calculated using the multipole method. To see this figure in color, go online.
as then the number of force centers in Eq. 31 increases, which better approximates the overall force distribution. This is confirmed by the analysis of rod-like molecules built from N touching spheres (Fig. 3) . Similar to the previous case, the original KR method produces a correct slope but underpredicts the magnitude of ½h by $5/2. This correction, although constant in magnitude, constitutes a decreasing fraction of the total viscosity with increasing N. This discrepancy is to a large extent fixed by the introduction of additive volume correction in the HYDRO package and an additional multiplicative factor in HYDROþþ. However, for small numbers of beads, there are still marked differences between the viscosities reported by these models and the exact values.
Hydrodynamic properties of simple shaped molecules
To demonstrate the effectiveness of the GRPY approach, we have calculated the diffusion coefficients for a number of basic shapes, comprising touching beads of equal radii a (the notation follows (29) Table 1 presents the translational and rotational diffusion coefficients as well as the dimensionless intrinsic viscosities for shapes calculated using the GRPY method, the most recent version (10) of the HYDROþþ package by de la Torre et al. (29) , and the ZENO algorithm implemented within the US-SOMO package (24) . Additionally, we compare these results to the multipole expansion method, which we treat as a benchmark. The values of D t and D r are normalized by the translational and rotational diffusivities of a single bead, i.e.,
3 , respectively. Out of a number of different methods of calculating diffusion coefficients offered by HYDROþþ package, we have chosen the 3RD method, which uses the Rotne-Prager approximation for translational and rotational degrees of freedom (the other methods offered within HYDROþþ yielded significantly less accurate results).
Let us first consider diffusion coefficients. As it is seen, even though the general performance of all of the approaches (ZENO, HYDROþþ, and GRPY) is quite satisfactory, the values calculated using ZENO and GRPY are the closest to the benchmark results, followed by HYDROþþ. An improved performance of GRPY with respect to the standard Rotne-Prager-Yamakawa approximation used in HY-DROþþ is related to the fact that within GRPY, the approximation is performed on the inverse friction matrix m. In the standard Rotne-Prager-Yamakawa approximation, on the other hand, the formula analogous to Eq. 15 is used to represent the mobility matrix, m. Importantly, if one starts with the m matrix calculated using the GRPY approach and uses it to compute the mobility matrix, one recovers all of the terms in the expansion in the inverse distance between the beads corresponding to the standard Rotne-Prager-Yamakawa approximation as well as a number of additional terms related to higher multipoles. The presence of the latter is the reason why, in general, GRPY performs better than the standard Rotne-Prager-Yamakawa approach.
Next, we turn to intrinsic viscosity. The data in Table 1 shows that in this case, the GRPY method performs better than either ZENO or the HYDROþþ package. The results of GRPY systematically underestimate the intrinsic viscosity by no more than 3%, whereas those of HYDROþþ can be both larger and smaller than the exact values, with the scatter up to 8%. Errors of similar magnitude are observed in the results of ZENO. In Table 1 , we also compare the low-frequency viscosity calculated based on the mobility and friction-based formulae, Eqs. 28 and 29, respectively. As evidenced by the data in the table, for the molecules that are symmetric about their centers (i.e., all the shapes except for the triangle and tetrahedron), both ways of estimating the viscosity give equivalent results. For the triangle (R3) and tetrahedron (P4), the equivalence no longer holds, but the differences remain small, on the order of 1%.
Complex biorelevant shapes
Because the focus of this contribution is on the hydrodynamic properties of real biomolecules, we now turn to protein structures. An important issue that one encounters when calculating the hydrodynamic properties of macromolecules is the hydration effect (50-52). Namely, as pointed out by various researchers, the nature of the layer of water at the surface of a macromolecule is different from the bulk water, with an increased viscous dissipation. Hydration effectively increases the surface at which the no-slip boundary condition has to be satisfied, shifting it by $1 Å toward the bulk.
There are several implementations of a hydration layer in the computational literature. Some approaches (such as HydroPro (53) or BEST (17)) are using a hydration layer of a uniform thickness. Another approach is to rescale the radii of the beads by a constant scale factor (AtoB (31)) or use a nonuniform, amino-acid-dependent thickness of hydration layer (e.g., SOMO (4,6)), calculated based on the average number of water molecules hydrating an amino acid (54) multiplied by the effective volume of water molecule of 24 Å 3 (55) . A similar approach to the construction of hydrated bead covering is taken in this study. Taking as an input the PDB file with the protein structure, we use the MSMS package (56) to identify the atoms on the surface of the protein, discarding all the rest. This speeds up the calculations while at the same time not decreasing the accuracy because inner atoms are screened from the flow by the external ones. Next, also using MSMS, we assign van der Waals radii to all the atoms and group them according to the residue to which they belong. Note that some of the residues can have just a single surface atom, whereas others might not be present at the surface at all. For each residue, the additional volume resulting from hydration, V h , is then calculated as the mean number of hydrating water molecules (54) times the effective water molecule volume. Next, we distribute this water volume in equal proportion among atoms that are at the surface by increasing their radii. Note that due to the fact that the beads corresponding to different atoms in a given residue overlap, the total hydration volume of the residue obtained by this procedure is smaller than V h . To correct for this, we rescale the hydration shells of the atoms such that the overall hydration volume of a residue approaches V h .
Such a procedure (which we call hydrated-atom bead covering, or ''h-atom'') is partly inspired by an earlier model by Venable and Pastor (57) , who have represented a protein as a collection of beads placed at the coordinates of heavy atoms and screened the accessible surface area to identify the exposed atoms contributing to friction. We also draw inspiration from Rai et al. (4) in that we utilize the hydration numbers by Kuntz Jr. and Kauzmann (54) in assigning the water molecules to each accessible residue.
In general, h-atom produces bead covering with overlaps between the beads. However, GRPY can handle overlaps without problems, and thus there is no need for the overlap reduction procedures sometimes used in other approaches. In SOMO, for example, the overlapping beads are removed by fusing them, moving them away from each other, or resizing (4,6) while care is taken to preserve the topography of the outer surface. The resizing can either be performed hierarchically (two beads with the largest overlap are resized first and then the others) or synchronously (all of the overlapping beads are scaled by a certain factor, then the ensemble is rescreened, and resizing is repeated) (6, 24) . The GRPY method can also work with bead coverings produced by other algorithms, both overlapping and nonoverlapping. In Tables 2  and 3 , we provide a detailed comparison of diffusivities and intrinsic viscosities calculated by different methods and models based on the structures analyzed in previous works. We also quote the results of experimental measurements of these quantities as well as provide the mean-square deviation of the theoretical predictions of different methods with respect to the experimental values. Additionally, we calculate the mean error of the theoretical prediction, which allows us to assess whether a given method systematically over-or underestimates the experimental value. If, for some structures, more than one experimental measurement was reported, we take the average of respective values. The experimental results were normalized to standard conditions, and in the case of NMR experiments, H 2 O-D 2 O proportions were taken into account in correcting for solvent viscosity.
The numerical models were working with the protein structures taken either directly from the Protein Data Bank (PDB) or from the US-SOMO website. The latter were preferred because most of them have been already checked for gaps and corrected. Nevertheless, we have checked all of the structures for missing residues with the GapRepairer server (58) and fixed their structures with the MODELER package (59) . Following Rai et al. (4), we also scanned the structures for carbohydrates and (4), HP (the atomic-shell model from HydroPro package; (53)) based on atomic resolution, and the h-atom model proposed in this work. The computational techniques include super matrix inversion (SMI) (60) and ZENO (19) (ZENO 2.3 with 1 million trajectories calculated), both implemented within the US-SOMO package (24) (US-SOMO 3087), boundary element method BEST (17) (BEST 3.9), and HYDROPRO package (HYDROPRO 10) as well as the GRPY method. The upper part of the table gives the results for monomeric proteins, and the lower part for multimeric proteins. For each part, the root mean standard deviation (RMSD) between experiment and theory is calculated averaged over different protein structures. Additionally, we calculate the mean error as well as its standard deviation. For lysozyme, we first take an average over multiple PDB structures and then use that average in the overall RMSD calculation. The symbol (n) means that structure was obtained with NMR spectroscopy.
other important ligands and added them to the bead model whenever necessary.
We compare computations performed on several different bead models: AtoB grid models with base grid sizes 2 Å (G2) and 5 Å (G5), the SOMO model, the h-atom model, and the shell model from HydroPro calculated based on atomic resolution. In the case of the AtoB and SOMO models, we perform super matrix inversion (SMI) (60) and ZENO (with 1 million trajectories) calculations in US-SOMO as well as GRPY calculations. For the h-atom model, we perform HY-DROþþ calculations using the Kirkwood-Riseman approach with volume correction (case 12), ZENO (with 1 million trajectories), and GRPY. We also include results from the boundary element method implemented within the BEST program. This is a continuation of Table 2 .
Let us first discuss the translational diffusion coefficients of monomeric proteins. As seen in Table 2 , the estimates of these parameters vary only slightly between all the alternative methods and bead coverings-the root mean standard deviation (RMSD) between experiments and theory averaged over different protein structures is within the 3-6% range. Nevertheless, GRPY and ZENO usually perform slightly better than the rest, with an RMSD of around 3.3-3.9% for all coverings. The SMI method gives very good results for AtoB coverings and slightly worse for the SOMO model. HydroPro and BEST perform somewhat worse, with RMSDs of 5.1 and 6.5%, respectively. For the hatom bead model, Hþþ, ZENO, and GRPY yield RMSDs within the 3.6-3.9% range. Still, a word of caution is in order here because experiments themselves are also subject to error, as evidenced by the different values reported by different groups. In the data in Table 2 , for example, the diffusivity of a-chymotrypsin is underestimated by all the methods, whereas that of the trypsin inhibitor is overestimated. This can be related to specific characteristics of these proteins, but it can also be due to experimental inaccuracies.
For multimeric proteins, the accuracy of the predictions becomes slightly worse, with RMSDs in the 4-5% range. This can be connected to the fact that the bonds between the monomers in a multimeric protein are usually weaker than the bonds within each monomer. They are thus more prone to fluctuations, which-as noted by Aragon (23) -leads to extra viscous dissipation. This would explain why the models that work accurately for monomers tend to overpredict diffusivities in multimeric proteins. One possible way of accounting for this is to increase the hydration layer for multimeric proteins (because, as elucidated in (23, 51, 52 ) the hydration layer is an effective way of taking into account extra viscous-energy dissipation due to the dynamic fluctuations of the positions of the surface atoms). However, we are not exploring these issues here, leaving them for further study. For intrinsic viscosity (Table 3 ), the differences between the methods become more notable. Here, for all bead coverings, the GRPY method performs the most consistently, yielding an RMSD of 5.5-6.8% for monomeric proteins and 3.8-5.6% for multimeric structures. The SMI method for AtoB G2 covering also produces very good results, with RMSDs of 6.1 and 3.9%, respectively. Interestingly, for intrinsic viscosity, the agreement with the experiment for multimeric proteins is not worse than that for monomeric proteins, unlike the case of translational diffusion.
Importantly, there is a group of proteins (cf. the bottom part of Table 4 ) for which all of the existing methods fail, producing relative errors of 20-70%. Moreover, even if one of the methods gives results reasonably close to the experiment for some of these proteins, it fails for other proteins from this group, which makes it hard to indicate a clear leader. These discrepancies could be connected with the experimental errors, or they may indicate that, for these proteins, some of the important factors are missing in theoretical models. We separate out these outliers, adopting the À32  À28  À37  À33  À35  À31  À22  À27  À9  À35  À31  À22  À16  À11  À22  À17  À19  À15  À5  À14  13  À19  À14  À21  À15  À8.9  À24  À17  À21  À15 À6.7
This is a continuation of Table 3 .
Hydrodynamic Bead Method The successive columns give the protein name, its PDB code, mass, and rotational relaxation measured experimentally ðt Table 2 . The (n) symbol denotes structures determined using NMR spectroscopy. The experimental data on rotational relaxation times was obtained with NMR techniques unless otherwise specified. Other experimental methods include electric birefringence (EB), fluorescence polarization (FP), dielectric dispersion (DS), and decay of dichroism (DD). For an extensive review of NMR relaxation methods and experiments, please refer to (168) .
criterion that the median error over different algorithms in an outlier should be larger than 15%.
Next, in Table 4 , we present the data on rotational relaxation times. Following (61), we define the rotational correlation time t c as the inverse of the average of the frequencies f j , j ¼ 1,...,5, defined in Eq. C1:
Again, we separate the outliers for which the median error over different algorithms is larger than 15%. For the rest of the structures, the best performing methods are GRPY (for h-atom, AtoB G5, and SOMO with overlaps), SMI in US-SOMO for G2 bead covering, and BEST.
A word of caution is in order here. Although most of the data in Table 4 has been measured using NMR techniques, which are capable of fully determining the rotational diffusion tensor (62) , other techniques, such as electric birefringence or fluorescent polarization, do not give direct access to all eigenvalues of D r . The estimation of t c relies then on various approximations or additional assumptions about the shape of the molecule, which might introduce errors (see the discussion of these issues in (63) ).
Finally, in Table 5 , we provide data on the computational efficiency of the GRPY method along with the information on hardware used. We report CPU time and memory usage for four different protein structures of increasing complexity with the bead models produced by h-atom. The GRPY method consumes a relatively large amount of memory because it performs Cholesky decomposition of an 11N Â 11N dense matrix, with N standing for the number of beads in the model.
CONCLUSION
Reformulation of the Rotne-Prager-Yamakawa approximation using the integral formalism (Eq. 15) leads to a robust numerical scheme capable of calculation of hydrodynamic properties of macromolecules represented as a collection of beads of different radii both overlapping and nonoverlapping. In general, the method performs better than the existing bead models because of the inclusion of the larger number of force and velocity multipoles. In particular, because of the incorporation of the dipolar components of the hydrodynamic interaction tensors, the intrinsic viscosity of macromolecules is calculated directly, without a need for any correction factors.
Software availability
The source code and precompiled versions of the GRPY program for Windows and Linux operating systems are available for download from github repository https://github.com/pjzuk/ GRPY, with Zenodo-listed release DOI 10.5281/zenodo. 1325126, and from http://www.fuw.edu.pl/$piotrek/sofware. They can be downloaded and used under GNU General Public License version 3.
APPENDIX A: GRAND FRICTION MATRIX OF THE MACROMOLECULE
In this Appendix, we present the derivation of Eq. 6 between the grand friction matrix of the macromolecule z c and the N-body grand friction matrix z N . To this end, we envisage that the molecule is immersed in an external linear flow,
where E c is a symmetric velocity gradient matrix. When the macromolecule moves as a rigid body, the translational and rotational velocities of individual constituents (U i , U i ) are linked with those of a body as a whole (U c , U c ) in the following way:
where R 0 is the reference point with respect to which the translation and rotation are defined. Eq. A2 allow us to express the vector in the right hand side of Eq. 3 as
whereR ¼ ðR 1 ; R 2 ; .; R N Þ and T N is an 11N Â 11 matrix. In the above, we made use of the fact that the external flow of the form given by Eq. A1 vanishes at R 0 . Similarly, u N also vanishes because the gradient of v N is symmetric. The relation between z c and the N-body grand friction matrix z N can then be cast in the form
with T N defined in Eq. A3. 
